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In this work, we investigate the oscillatory properties of the natural modes of
oscillation for a vibrating beam which is fixed at one end. From elementary beam
theory, these modes are the eigenfunctions determined by the differential equation

(1) l(y) = (py”)”− (qy′)′ = λry, ′ :=
d

dx
.

subject to the boundary conditions

(2) y(0) = y′(0) = 0 (clamped end)

(3) y′(1)cosγ + (py”)(1)sinγ = 0

(4) y(1)cosδ − Ty(1)sinδ = 0,

where

(5) Ty = (ry”)′ − qy′

and 0 ≤ γ, δ ≤ π . The coefficients p > 0, q and r > 0 are assumed to be sufficiently
smooth to ensure the existence of the eigenfunctions. Banks and Kurowski [1],
[2], using an extension of the Prufer transformation, have studied this problem
for 0 ≤ γ, δ ≤ π

2 and q > 0. They showed that all the eigenvalues are positive
and simple and the corresponding eigenfunctions satisfy the well known Sturm-
oscillation criterion [3]. Here, we are mainly interested in the case where π

2 ≤ γ, δ ≤
π. We show that for q > 0, the above problem can have at most two negative
eigenvalues where the corresponding eigenfunctions have an arbitrary number of
zeros in (0, 1). It is known from many examples that if q changes sign in (0, 1),
then multiple eigenvalues can occur. However, we show that the principal eigenvalue
of the problems defined by (1),(2) and one of the conditions y′(1) = Ty(1) = 0,
py′′(1) = Ty(1) = 0, y(1) = py′′(1) = 0 is simple and the corresponding eigenfuction
has a constant sign in (0, 1).
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